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ON TOPOLOGICALLY INVARIANT MEANS ON A LOCALLY COMPACT
GROUP AND A CONJECTURE OF PATERSON
JOHN HOPFENSPERGER
Abstract. Let G be a lcH (locally compact Hausdorff) amenable group, and κ be the smallest
cardinality of a set of compacta covering G. Then G has a Følner net of cardinality κ. We
construct dense subsets of Tim(G) and Tlim(G) – the topological (two-sided) invariant means and
the topological left invariant means – in terms of this Følner net. As an application, we give an
elementary proof that |Tlim(G)| = |Tim(G)| = 22
κ
. We also prove a conjecture of Paterson, that
Tlim(G) = Tim(G) iff G has precompact conjugacy classes.
1. Introduction
G always denotes an amenable lcH group with left-Haar measure | · |.
If U ⊂ G has finite positive measure, associate it with the normalized indicator 1U|U| ∈ L1(G) ⊂
L∗∞(G). This gives meaning to sentences such as “The invariant mean µ is an accumulation point
of the Følner sequence {Un}.” Notice we have written {Un} as shorthand for {Un}n∈N.
Let cℓ(S) denote the closure of S, and conv(S) denote the convex hull of S.
In [Cho70], Chou proved several interesting results. Two in particular stand out.
First, suppose G is σ-compact. In other words, κ = ℵ0. Let {Un} be any Følner sequence, and let
X consist of all accumulation points of “translated sequences” of the form {Untn} where {tn} ⊂ G.
Then cℓ(conv(X)) = Tlim(G). This gives a way of understanding the gigantic space Tlim(G) in
terms of a single Følner sequence. We generalize this result to Tim(G), and to the case when κ > ℵ0.
Second, suppose G is unimodular. Then G admits a Følner sequence {Vn} of symmetric sets. This
sequence necessarily converges to two-sided invariance, hence its accumulation points lie in Tim(G).
Furthermore suppose {Vn} are mutually disjoint. Then [βN\N] is embedded in Tim(G) via the map
p 7→ p-limn
1Vn
|Vn|
. In particular, this proves |Tim(G)| ≥ 22
κ
. We extend this result to the case when
κ > ℵ0, without assuming G to be unimodular.
In [Pat79], Paterson conjectured that Tlim(G) = Tim(G) iff G has precompact conjugacy classes.
However, he was only able to prove the result assuming G is compactly generated.
Well, let X be as in the previous paragraph. It’s not too hard to see Tlim(G) = Tim(G) iff
X ⊂ Tim(G). In turn, X ⊂ Tim(G) iff the left-Følner sequence {Untn} converges to right-invariance
regardless of the choice of {tn}. This occurs iff G has precompact conjugacy classes.
The idea of applying the methods of [Cho70] to prove Paterson’s conjecture is due to Milnes [Mil81].
He proved the conjecture assuming κ = ℵ0, following the same line of argument we have just
sketched, but ran into some technical difficulties with the general case.
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Chou, Paterson and Lau all worked on extending the result |Tim(G)| = 22
κ
beyond the σ-compact
case. In [Cho76], Chou proved |Tim(G)| = 22
|G|
assuming G is discrete, using a somewhat indirect
argument. (When G is discrete, notice that κ = |G| and all invariant means are Tims.) First,
construct κ “almost invariant” subsets of G. From these, construct 2κ “independent” subsets of βG.
From these, construct 22
κ
disjoint closed invariant subsets Sα of M (the set of all means). Apply
Day’s fixed point theorem to the left and right actions Gy Sα, producing µl ∈ [Tlim(G) ∩ Sα] and
µr ∈ [Trim(G) ∩ Sα]. Combine µl and µr to yield µ ∈ [Tim(G) ∩ Sα]. In [LP86], Lau and Paterson
extended the same technique to the lcH case, proving the weaker result |Tlim(G)| = 22
κ
. They do
not mention two-sided invariant means, although their methods should have been sufficient to prove
the two-sided result.
What all three of them failed to see is that the simpler methods of [Cho70] generalize, with N
replaced by an abstract indexing set Γ. At the time they worked on these problems, the well-known
ultrafilter techniques were only stated in terms of βN. Since then, elegant generalizations to abstract
spaces βΓ have been made accessible by the excellent text [HS12] of Hindman and Strauss.
2. Notation and identities
Let f denote an element of L∞(G) = L
∗
1(G). (As a function on G, f need only be measurable when
restricted to σ-compact sets. For a discussion of L∞(G) when κ > ℵ0, see [Fol15, Section 2.3].)
Let µ denote an element of M = {ν ∈ L∗∞(G) : ‖ν‖ = 1, ν ≥ 0}, the means on L∞(G).
The only topology we consider on L∗∞(G) is the w
∗-topology, which makes M compact.
Let ρ denote an element of P = {ν ∈ L1(G) : ‖ν‖1 = 1, ν ≥ 0}.
We associate L1(G) with its canonical embedding in L
∗∗
1 (G) = L
∗
∞(G), so P is a subset of M.
In light of the following remark, it is easy to prove the well-known result cℓ(P) =M.
Remark 2.1. If A,B ⊂ L∗∞(G) are disjoint compact convex sets, there exist f ∈ L∞(G) and ǫ > 0
with ℜ[ν(f)] + ǫ < ℜ[µ(f)] for each ν ∈ A and µ ∈ B, c.f. [Rud91, Theorems 3.4 and 3.10]. When
A and B consist of positive functionals, we can take f ∈ L∞(G,R) and the inequality becomes
ν(f) + ǫ < µ(f).
The modular function △ : G→ R× is a continuous homomorphism defined by |U | = |Ut|△(t).
It satisfies
∫
f(x) dx =
∫
f(xt)△(t) dx and
∫
f(x) dx =
∫
f(x−1)△(x−1) dx.
The map f 7→ f̂ defined by f̂(x) = f(x−1)△(x−1) is an involution of L1(G) that sends P to itself.
Another useful involution is given by f˜(x) = f(x−1), although this does not send L1(G) to itself.
Left and right translations are defined by ltf(x) = f(t
−1x) and rtf(x) = f(xt).
These are the “covariant translations,” since they satisfy lxy = lxly and rxy = rxry.
Finally, let Rtf(x) = f(xt
−1)△(t−1). Thus Rt
1U
|U| =
1Ut
|Ut| .
Convolution is defined by f ∗ g(t) =
∫
f(x)g(x−1t) dx. Let φ, ψ ∈ L1(G), f ∈ L∞(G), and
〈φ, f〉 =
∫
φ(x)f(x) dx. Then the following equations are easily verified.
• lt(φ ∗ ψ) = (ltφ) ∗ ψ. Used in Theorem 5.3.
• 〈ψ, φ ∗ f〉 = 〈φ̂ ∗ ψ, f〉. Used in Lemma 3.4
• 〈Rtφ, f〉 = φ̂ ∗ f(t). Used in Theorem 4.1 and Theorem 5.3.
• 〈φ ∗ (ltψ), f〉 = φ̂ ∗ f ∗ ψ˜(t). Used in Theorem 4.2.
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The topological left/right/two-sided invariant means are defined as follows:
Tlim(G) = {µ ∈ M : 〈µ, f〉 = 〈µ, ρ ∗ f〉 for all f ∈ L∞(G) and ρ ∈ P}.
Trim(G) = {µ ∈M : 〈µ, f〉 = 〈µ, f ∗ ρ˜〉 for all f ∈ L∞(G) and ρ ∈ P}.
Tim(G) = Tlim(G) ∩ Trim(G).
3. Følner nets and ultrafilter limits
We write |S| = κ to indicate that κ is the first ordinal number of the same cardinality as S. (This
is von Neumann’s definition of a cardinal number.) Let κ be the smallest cardinal such that there
exists a collection K of compact sets with (1) |K| = κ and (2)
⋃
K∈KK = G.
Having determined κ, choose K satisfying (1) and (2). Let K′ be the set of all finite unions in K.
Pick any compact neighborhood N of the origin. Then K′′ = {NK : K ∈ K′} is a collection of
compact sets satisfying (1) and (2). Furthermore, (3) K′′ is closed under finite unions, and satisfies⋃
K∈K′′ K
◦ = G. It follows that (4) any compact C ⊂ G is a subset of some K ∈ K′′.
Henceforth, fix a collection K of compact sets, satisfying (1), (2), (3), and (4).
Let Γ = {(K,n) : K ∈ K, n ∈ N}. For each γ = (K,n), pick a compact set Lγ that is (K,
1
n
)-
left-invariant. In other words, if λγ =
1Lγ
|Lγ |
then we have ‖lxλγ − λγ‖1 <
1
n
for each x ∈ K. Now
it is appropriate to define a partial-ordering on Γ as follows: [(K,m)  (J, n)] ⇐⇒ [K ⊆ J and
m ≤ n]. Thus Γ is a directed set and {λγ} is a left-Følner net. (Traditionally, a Følner net consists
of sets, not functions. For ease of notation, we prefer to work with normalized indicator functions,
rather than sets themselves.) Let ργ = λ̂γ . Then ‖rxργ − ργ‖1 = ‖lxλγ − λγ‖1, and {ργ} is a right
quasi-Følner net. We call it “quasi-Følner,” because ργ is generally not a simple function, let alone
a normalized indicator function, unless G is unimodular.
Remark 3.1. When G is unimodular, we may suppose Lγ = L
−1
γ by [Cho70, Theorem 4.4]. In this
case, {λγ} = {ργ} is a two-sided-Følner net. (In fact, we may suppose Lγ = L
−1
γ even when G is
not unimodular by [Eme74, Theorem 2]. Nothing is gained by this, since there is no such thing as
a two-sided Følner net when G is not unimodular.) Otherwise, let ϕγ = λγ ∗ ργ . Then {ϕγ} is our
two-sided quasi-Følner net.
Lemma 3.2. The net {ϕγ} converges to invariance uniformly on compacta.
Proof. Pick any compact C ⊂ G, and suppose C ⊂ K ∈ K. Pick any ǫ > 0, and suppose 1
n
< ǫ.
Now if (K,n)  γ, then supx∈C ‖lxϕγ − ϕγ‖1 ≤ ‖lxλγ − λγ‖1 · ‖ργ‖1 < ǫ.
Likewise, supx∈C ‖rxϕγ − ϕγ‖1 ≤ ‖λγ‖1 · ‖rxργ − ργ‖1 < ǫ. 
Now our goal is to understand the accumulation points of {ϕγ} as γ gets large. There is a systematic
way to do this in terms of ultrafilter limits, also known as p-limits.
Regarding Γ as a a discrete space, the Stone-Cˇech compactification of Γ is denoted βΓ. It is best
understood as the set of all ultrafilters on Γ. Briefly, an ultrafilter on Γ is a maximal collection of
subsets of Γ that is closed under finite intersections and does not contain ∅. For a comprehensive
introduction to ultrafilters and p-limits, see [HS12, Chapter 3].
Henceforth, let p ∈ βΓ denote an ultrafilter. Regard Γ as a subset of βΓ by associating γ ∈ Γ with
the principal ultrafilter {S ⊂ Γ : γ ∈ S}.
Lemma 3.3. cℓ({ϕγ : γ ∈ Γ}) = {p-limγ ϕγ : p ∈ βΓ}.
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Proof. Let f : Γ → M denote the continuous map f(γ) = ϕγ . Because M is compact, f extends
continuously to g : βΓ → M, via g(p) = p-limγ ϕγ . Now g[βΓ] = {p-limγ ϕγ : p ∈ βΓ} is the
continuous image of a compact set, hence is closed. It has dense subset g[Γ] = {ϕγ : γ ∈ Γ}. 
To pin down the elements of cℓ({ϕγ : γ ∈ Γ}) that are topologically invariant, we make the following
definition: Let T denote the smallest filter containing all “tails” of the form Tα = {γ ∈ Γ : α  γ},
and let Γ∗ denote the set of all ultrafilters containing T as a subfilter. For example, when G is
σ-compact, each Tγ excludes only finitely many points of Γ, in which case Γ
∗ is simply the set of
nonprincipal ultrafilters, βΓ \ Γ.
Lemma 3.4. If p ∈ Γ∗ and µ = p-limγ ϕγ , then µ ∈ Tim(G).
Proof. Pick ρ ∈ P , f ∈ L∞(G), and ǫ > 0. It suffices to consider the case when ρ has compact
support. Let K ∈ K be large enough that [supp ρ ∪ supp ρ̂] ⊂ K. Let n be large enough that
1
n
< ǫ‖f‖ . Let S ∈ p be small enough that S ⊂ T(K,n), and |µ(φ) − ϕγ(φ)| < ǫ whenever γ ∈ S and
φ ∈ {f, ρ ∗ f, f ∗ ρ˜}.
Now the following inequalities are self-evident:
|µ(ρ ∗ f − f)| < |ϕγ(ρ ∗ f − f)|+ 2ǫ = |(ρ̂ ∗ ϕγ − ϕγ)(f)|+ 2ǫ ≤ ‖ρ̂ ∗ ϕγ − ϕγ‖1 · ‖f‖∞ < 3ǫ.
|µ(f ∗ ρ˜− f)| < |ϕγ(f ∗ ρ˜− f)|+ 2ǫ = |(ϕγ ∗ ρ− ϕγ)(f)|+ 2ǫ ≤ ‖ϕγ ∗ ρ− ϕγ‖1 · ‖f‖∞ < 3ǫ. 
Lemma 3.5. Γ∗ has cardinality 22
κ
, the same as βΓ.
Proof. Clearly each Tγ has cardinality |Γ| = κ. Furthermore, any finite intersection Tγ1 ∩ . . . ∩ Tγn
contains another tail Tβ, where β = sup{α1, . . . , αn}. Now the lemma follows immediately from
[HS12, Theorem 3.62], which actually says something a bit stronger:
Let Γ be an infinite set with cardinality κ, and let T be a collection of at most κ subsets of Γ such
that |
⋂
F | = κ for any finite subset F ⊂ T . Then there are 22
κ
κ-uniform ultrafilters containing T .
(An ultrafilter p is said to be κ-uniform if every element of p has cardinality κ.) 
4. Dense subsets of Tlim(G) and Tim(G) from a single Følner net
Let {λγ} be a left-Følner net, as above. Pick any net {tγ} in G
Γ.
Clearly {Rtγλγ} is a left-Følner net, since ‖lxRtγλγ −Rtγλγ‖1 = ‖Rtγ (lxλγ −λγ)‖1 = ‖lxλγ −λγ‖1.
Hence with p ∈ Γ∗, the proof of Lemma 3.4 shows p-limγ [Rtγλγ ] ∈ Tlim(G).
Theorem 4.1. For any p ∈ Γ∗, let Xp = {p-limγ [Rtγλγ ] : tγ ∈ G
Γ}. Then cℓ(conv(Xp)) = Tlim(G).
In more familiar notation, Rtγλγ =
1Lγtγ
|Lγtγ |
. C.f. the results of [Cho70] from the introduction.
Proof. Suppose µ ∈ Tlim(G) lies outside the closed convex hull of Xp.
By Remark 2.1, there exist f ∈ L∞(G,R) and ǫ > 0 such that µ(f) > ν(f) + ǫ for all ν ∈ Xp.
On the other hand, since µ is a mean, µ(f) ≤ supt[f(t)].
In fact, µ(f) = µ(λ̂γ ∗ f) ≤ supt[λ̂γ ∗ f(t)] = supt〈Rtλγ , f〉.
For each γ, choose tγ so that µ(f) < 〈Rtγλγ , f〉+ ǫ
It follows that ν = p-limγ [Rtγλγ ] ∈ Xp satisfies µ(f) ≤ ν(f) + ǫ, a contradiction. 
The above theorem is a generalization of [Cho70, Theorem 3.2]. There does not seem to be any
analogous two-sided result in the literature, even for σ-compact groups. The following theorem
furnishes such a result.
Once again, let {tγ} ∈ G
Γ. Since {ltγργ} is a right-Følner net, the proof of Lemma 3.4 shows
p-limγ [λγ ∗ (ltγργ)] ∈ Tim(G) for p ∈ Γ
∗.
4
Theorem 4.2. For any p ∈ Γ∗, let Yp = {p-limγ [λγ ∗ (ltγργ)] : {tγ} ∈ G
Γ}. Then cℓ(conv(Yp)) =
Tim(G).
Proof. Suppose µ ∈ Tim(G) lies outside the closed convex hull of Yp.
By Remark 2.1, there exist f ∈ L∞(G,R), and ǫ > 0 such that µ(f) > ǫ+ ν(f) for each ν ∈ Yp.
On the other hand, µ(f) = µ(λ̂γ ∗ f ∗ ρ˜γ) ≤ supt[λ̂γ ∗ f ∗ ρ˜γ(t)] = supt〈λγ ∗ (ltργ), f〉.
For each γ, choose tγ so that µ(f) < 〈λγ ∗ (ltγργ), f〉+ ǫ
It follows that ν = p-limγ [λγ ∗ (ltγργ)] ∈ Yp satisfies µ(f) ≤ ν(f) + ǫ, a contradiction. 
5. A proof |Tim(G)| = 22
κ
.
Notice that the support of λγ ∗ (ltργ) is contained in LγtL
−1
γ , a compact set.
Lemma 5.1. There exists {tγ} ∈ G
Γ such that {LγtγL
−1
γ } are mutually disjoint.
Proof. Recall that κ is the set of all ordinals less than κ; thus κ is a well-ordered set. Since |Γ| = κ,
let (Γ, <) denote the well-ordering of Γ induced by some bijection with κ. Let t0 = e. As induction
hypothesis, suppose {LγtγL
−1
γ }γ<α are disjoint, where α ∈ Γ. If it is impossible to find tα such that
{LγtγL
−1
γ }γ≤α are disjoint, it follows that {L
−1
α LγtγL
−1
γ Lα}γ<α is a covering of G by compacta of
cardinality less than κ, a contradiction. 
Theorem 5.2. Let {tγ} be as in Lemma 5.1. Then the map p 7→ p-limγ [λγ ∗ (ltγργ)] is an injection
of Γ∗ into Tim(G).
Proof. Pick distinct ultrafilters p, q ∈ Γ∗, say Γ0 ∈ p and Γ \ Γ0 ∈ q. Let A =
⋃
γ∈Γ0
LγtγL
−1
γ .
Then p-limγ [λγ ∗ (ltγργ)](1A) = 1, but q-limγ [λγ ∗ (ltγργ)](1A) = 0. 
This proves |Tim(G)| ≥ |Γ∗|. Recall Lemma 3.5, which says |Γ∗| = 22
κ
.
Since Tim(G) ⊂ Tlim(G), the next theorem yields the opposite inequality.
Theorem 5.3. Let K ⊂ G be any compact set with nonempty interior, and {Ktα}α<κ be a covering
of G by translates of K. For each n, let Un be a compact set that is (K,
1
n
)-right-invariant, and ρn =
1Un
|Un|
. Let X = {Rtαρn : n ∈ N, α < κ}. Then Tlim(G) ⊂ cℓ(conv(X)), and | cℓ(conv(X))| ≤ 2
2κ .
Proof. Suppose there exists µ ∈ Tlim(G) outside the closed convex hull of X .
As in Theorem 4.1 there is f ∈ L∞(G,R) with µ(f) > ν(f) + 2ǫ for each ν ∈ X .
Let n be large enough that ‖f‖∞/n < ǫ.
Since µ(f) = µ(ρ̂n ∗ f) ≤ supt [ρ̂n ∗ f(t)], pick t0 such that µ(f) < ρ̂n ∗ f(t0) + ǫ.
Say t0 ∈ Ktα, so t0 = ktα for some k ∈ K.
Thus |ρ̂n∗f(t0)− ρ̂n∗f(tα)| ≤ ‖lk−1 ρ̂n− ρ̂n‖1 ·‖f‖∞ = ‖ρ̂n−lkρ̂n‖1 ·‖f‖∞ = ‖ρn−rkρn‖1 ·‖f‖∞ < ǫ.
But now µ(f) < ρ̂n ∗ f(tα) + 2ǫ = 〈Rtαρn, f〉+ 2ǫ, a contradiction.
This proves Tlim(G) ⊂ cℓ(conv(X)).
Finally, let convQ(X) denote the set of all finite convex combinations in X with rational coefficients.
Evidently |convQ(X)| = |X | = κ, and cℓ(conv(X)) = cℓ(convQ(X)). Since cℓ(conv(X)) is a regular
Hausdorff space with dense subset convQ(X), it has cardinality at most 2
2|convQ(X)| = 22
κ
. 
6. Background on [FC]− groups
Let tg be shorthand for the conjugation gtg−1. We write G ∈ [FC]− to signify that each conjugacy
class tG = {tg : g ∈ G} is precompact. When G is furthermore discrete, each conjugacy class must
be finite. In this case, we write G ∈ FC.
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Lemma 6.1. If G ∈ FC, then G is amenable.
Proof. It suffices to show that each finitely-generated subgroup is amenable. SupposeK ⊂ G is finite,
and let 〈K〉 denote the subgroup generated by K. For any x ∈ 〈K〉, let C(x) = {y ∈ 〈K〉 : xy = x}.
Evidently C(x) is a subgroup, whose right cosets correspond to the (finitely many) distinct values
of xy. Therefore [〈K〉 : C(x)] is finite. Let Z denote the center of 〈K〉. Clearly Z =
⋂
x∈K C(x).
Thus [〈K〉 : Z] ≤
∏
x∈K [〈K〉 : C(x)] is finite. Since 〈K〉 is finite-by-abelian, it is amenable. 
Theorem 6.2. G ∈ [FC]− iff G is a compact extension of Rn ×D, for some D ∈ FC and n ∈ N.
Proof. This is [Liu73, Theorem 2.2]. 
Corollary 6.3. If G ∈ [FC]−, then G is amenable.
Proof. In light of Theorem 6.1, any group of the form Rn ×D is amenable.
Compact extensions of amenable groups are amenable. 
Corollary 6.4. If G ∈ [FC]−, then G is unimodular.
Proof. Clearly groups of the form Rn ×D are unimodular, since D is discrete.
Compact extensions of unimodular groups are unimodular. 
7. A proof of Paterson’s conjecture
Lemma 7.1. If G ∈ [FC]−, and C ⊂ G is compact, then CG = {cg : c ∈ C, g ∈ G} is precompact.
Proof. By Theorem 6.2, let G/K = Rn ×D, where K ⊳ G is a compact normal subgroup.
Let π : G→ G/K denote the canonical epimorphism.
Pick C ⊂ G compact. Notice CG is precompact if π(CG) is, because the kernel of π is compact.
Since π(C) is compact, π(C) ⊂ B × F for some box B ⊂ Rn and finite set F ⊂ D.
Now π(CG) = π(C)π(G) ⊂ (B × F )R
n×D = B × FD.
Evidently FD is finite, hence B × FD is compact, proving π(CG) is precompact. 
Theorem 7.2. If G ∈ [FC]− then Tlim(G) ⊂ Tim(G).
Proof. Recall Theorem 4.1, which says cℓ(conv(Xp)) = Tlim(G). So it suffices to prove Xp ⊂
Tlim(G).
Pick any ν ∈ Xp, say ν = p-limγ [Rtγλγ ].
To prove ν ∈ Tim(G), it suffices to show p-limγ supx∈C ‖rxRtγλγ−Rtγλγ‖1 = 0 for any compact C.
Let xγ = tγxt
−1
γ . Notice ‖rxRtγλγ −Rtγλγ‖1 =
|Lγtγx∆Lγtγ |
|Lγtγ |
=
|Lγxγ∆Lγ |
|Lγ |
= ‖rxγλγ − λγ‖1.
G is unimodular by Corollary 6.4, hence ‖rxγλγ − λγ‖1 = ‖lxγλγ − λγ‖1 by Remark 3.1.
Thus supx∈C ‖rxRtγλγ −Rtγλγ‖1 ≤ supy∈CG ‖lyλγ − λγ‖.
But CG is precompact, so p-limγ supy∈CG ‖lyλγ − λγ‖ = 0 by Lemma 3.4. 
Theorem 7.3. If G has an element x such that xG is not precompact, then Tlim(G) 6= Tim(G).
Proof. Let H ≤ G be any σ-compact open subgroup such that xH is not precompact.
For example, if {tn} is any sequence such that {tnxt
−1
n } is not precompact, and K is any compact
neighborhood of the origin, then the subgroup generated by K{x, t1, t2, . . .} is such an H .
Pick a sequence of compact sets {Hn} satisfying the following properties:
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(1) ∀n Hn ⊂ H
◦
n+1.
(2)
⋃
nHn = H .
It follows that any compact K ⊂ H is contained in some Hn.
Inductively construct a sequence {cn} ⊂ H satisfying the following properties:
(1) cn ∈ H \Kn, where Kn =
⋃
m<nH
−1
n Hmcm{x, x
−1}.
(2) (cnxc
−1
n ) 6∈ H
−1
n Hn.
Since Kn is compact, x
H\Kn is not precompact, and in particular escapes H−1n Hn.
Thus it is possible to satisfy (1) and (2) simultaneously.
Now A =
⋃
nHncn and B =
⋃
nHncnx are easily seen to be disjoint:
If they are not disjoint, then Hncnx ∩Hmcm 6= ∅ for some n,m.
If n > m, then cn ∈ H
−1
n Hmcmx
−1, violating (1).
If n < m, then cm ∈ H
−1
m Hncnx, violating (1).
If n = m, then cnxc
−1
n ∈ H
−1
n Hn, violating (2).
Let T be a transversal for G/H . Notice TA ∩ TB = ∅, since A,B are disjoint subsets of H .
Define π : G→ H by π(th) = h, which is continuous since H is open.
Let {Lγ} be a Følner net for G. Each Lγ is compact, hence π[Lγ ] ⊂ Hn(γ) for some n(γ). Let
tγ = cn(γ). Now π[Lγtγ ] = π[Lγ ]tγ ⊂ A, hence Lγtγ ⊂ π
−1[A] = TA. Likewise Lγtγx ⊂ TB.
Since this holds for each γ, C =
⋃
γ Lγtγ ⊂ TA and D =
⋃
γ Lγtγx ⊂ TB. Thus C ∩D = ∅.
Let µ = p-limγ
[
Rtγ
1Lγ
|Lγ |
]
for some p ∈ Γ∗, so µ has support in C.
Then µ(1C) = 1, but µ(rx1C) = µ(1D) = 0, hence µ ∈ Tlim(G) \ Tim(G). 
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